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Hypergeometric L-functions

Hypergeometric data

For α, β ∈ (Q ∩ [0, 1))n with αi − βj /∈ Z for all i , j , there is an irreducible variation of Hodge
structures of rank n on P1 \ {0, 1,∞} for one of whose periods the Picard–Fuchs equation is
the hypergeometric differential equation

P(α;β)(z
d

dz
)(y) = 0, P(α;β)(D) := z

n∏
i=1

(D + αi )−
n∏

j=1

(D + βj − 1).

The Hodge vector/motivic weight can be read from the zigzag function

Zα,β(x) := #{j : αj ≤ x} −#{j : βj ≤ x}.

Hereafter we assume that α, β are Galois-stable,1 meaning that the multiplicity of any r
s ∈ Q

(in lowest terms) depends only on s.

1Otherwise we get motives defined only over some abelian extension of Q.
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Hypergeometric L-functions

L-functions

For α, β Galois-stable, this variation of Hodge structures arises from a family of Chow motives
Mα,β over Q.

For any given z ∈ P1 \ {0, 1,∞}, the motive Mα,β
z has bad reduction2 at these primes:

wild primes p, at which α or β is not in Zn
(p);

tame primes p, which are not wild but either z or z − 1 is not a p-adic unit.

For such z , we obtain an associated L-function; as usual this manifests as an Euler product∏
p

Lα,β,z,p(p
−s)−1, L∗(T ) ∈ 1 + TZ[T ].

In general, we expect this to coincide with the L-function of some automorphic form for a
certain reductive group defined in terms of the monodromy group of the Picard–Fuchs
equation; this specializes to modularity when the group is GL2.

2This is only an upper bound; there can be a “wild” or “tame” prime at which the reduction is actually good.
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Hypergeometric L-functions

Computational tools

The goal of this talk is to survey the computational tools available for computing coefficients
of a hypergeometric L-function (PARI/GP, Magma, SageMath, LMFDB, etc.) Which tool is
best depends somewhat on the use case involved; here are a few examples.

Computing good Euler factors up to some cutoff. This gives information about the
Sato–Tate distribution.

Computing all Dirichlet coefficients up to some cutoff. This gives information about
special values or analytic properties (e.g., the analogue of the Riemann hypothesis).

Computing good Frobenius traces up to some cutoff. This can be done at greater scale
thanks to my work with Costa and Roe.

The reverse problem: given an L-function, look for a match among hypergeometrics.
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Hypergeometric L-functions

A peek under the hood

All of these systems implement a formula for good/tame hypergeometric Frobenius traces by
Beukers–Cohen–Mellit in terms of Gauss sums, as reinterpreted using the Gross–Koblitz
formula by Cohen–Rodriguez Villegas-Watkins.

Magma: Mark Watkins

PARI/GP: Henri Cohen

SageMath: Frédéric Chapoton, K

amortizedAGM: Edgar Costa, K, David Roe

LMFDB: not yet implemented

One complication is that wild Euler factors are not known in all cases (see work of
Roberts–Rodriguez Villegas for partial results). However, given a guess for all bad Euler factors
(and conductors), one can numerically verify using the approximate functional equation.
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Magma

Hypergeometric L-functions via Magma: a snapshot
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https://magma.maths.usyd.edu.au/magma/handbook/hypergeometric_motives


Magma

Notes

The parameter z is interchanged with 1/z relative to the standard normalization. This is also
true in PARI/GP.

Some cacheing of p-adic Gamma functions is used to speed up the computation, especially
when many computations are done in a single session.

There is a fair bit of extra functionality beyond simply computing L-functions. For instance,
some matching with other Hasse-Weil L-functions (such as for elliptic curves) is implemented.
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PARI/GP

Hypergeometric L-functions via PARI/GP: a snapshot
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PARI/GP

Notes

This is a faithful port from Magma. I have not used it very much.

Kiran S. Kedlaya (UC San Diego) Computational tools for hypergeometric L-functions SIAM AN26, Cleveland, July 9, 2026 12 / 23



SageMath

Contents

1 Hypergeometric L-functions

2 Magma

3 PARI/GP

4 SageMath

5 amortizedHGM

6 LMFDB (beta version)

7 Conclusion

Kiran S. Kedlaya (UC San Diego) Computational tools for hypergeometric L-functions SIAM AN26, Cleveland, July 9, 2026 13 / 23



SageMath

Hypergeometric L-functions via SageMath: a snapshot
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SageMath

Notes

The computation of Frobenius traces is somewhat less efficient than Magma in the prime case,
but more efficient in the prime-power case.

There is not yet much extra functionality (e.g., for computing the approximate functional
equation), but this is under active development.
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amortizedHGM

Hypergeometric L-functions via amortizedHGM: a snapshot
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amortizedHGM

Notes

The point here is to compute prime Frobenius traces up to some cutoff using remainder
forests. A useful analogy is computing truncated hypergeometric sums

⌊γp⌋−1∑
m=0

(α1)m · · · (αn)m
(β1)m · · · (βn)m

zm (mod p) for all p ≤ X

by exploiting the overlaps in the sums to amortize the complexity over p.

As such, there is no attempt to handle bad primes, and even some small good primes get
skipped.

It would in principle be useful to implement a similar amortization for pk -traces for fixed
k > 1, but this might be too complicated to be useful in practice. Note that for the use case
of computing all Dirichlet coefficients up to X , one only needs pk -traces for p ≤ X 1/k .
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LMFDB (beta version)

Hypergeometric L-functions via LMFDB: a snapshot
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https://beta.lmfdb.org/Motive/Hypergeometric/Q/


LMFDB (beta version)

Notes

This is work in progress: the tables contain hypergeometric families and some data about
specializations, but not yet any L-functions. These will eventually be computed using the
aforementioned tools. Help wanted!

Kiran S. Kedlaya (UC San Diego) Computational tools for hypergeometric L-functions SIAM AN26, Cleveland, July 9, 2026 21 / 23



Conclusion

Contents

1 Hypergeometric L-functions

2 Magma

3 PARI/GP

4 SageMath

5 amortizedHGM

6 LMFDB (beta version)

7 Conclusion

Kiran S. Kedlaya (UC San Diego) Computational tools for hypergeometric L-functions SIAM AN26, Cleveland, July 9, 2026 22 / 23



Conclusion

That QR code again
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